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i Mass, Centers of Mass, and Double Integrals @
-Suppose a 2-D region R has density p(r, y) at each point (z, ). We can

with m of them in the z-direction, and » in the y-direction. Su
and height Ay. Then a subrectangle containing the point (

partition  into subrectangles,
ppose each subrectangle has width Ar
&, y) has approximate mass

(&, 9)ArAy

and the mass of R is approximately

m n
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where (z,, ,) is a point in the 1, j-th subrectangle. Letting 1 and n go to infinity,

M = massof R = // plz,y)dA.
R

we have

Similary, the moment with respect to the x axis can be calculated as

M, = ‘//yp(.ny)d/!
R

and the moment with respect to the y axis can be calculated as

M, = // zplx,y) dA,
f R

The we may calculate the center of mass of R via

(M, M,
center of mass of i = (#, j) - ('t_[ 1—!) '
Example 1
 Let R be the unit square, R = {(r,y) : 0 < 2 < 1,0 < y < 1}. Suppose the density of R is gloenby the
function 1
py) = oy

so that R is denser near the z-axis. As a result, we would expect the center of mass to be be»low t_he
geometric center, (1/2,1/2). However, since the density does not depend on r, we do expect i — 1/2.




We have:

1 g 1
P - — I . L v > ) -
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1
‘ - ! 1 2 1 1 AT~
M, // 7 ¢i / /] S J!/d.l /” rin2dr = 5: In2 |, Eln'_’ = (0.346573590. ..
Thus the center of mass is
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Example 2 (Polar)
Let0 < z < 1. Let R be the polar region

R={(rf8):2<r<1,0<80< ;;}

Suppose R has constant density p. Then:
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Thus, the center of mass is
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An interesting feature of this region is that if -

F/€  the region. This happens when the distance
when

is sufficiently large, the center of mass will be outside
from the center of mass to (0,0) is less than z. That is,

| =3
V2 L[,I A, 4
(1 = 22)

By factoring, we see that this is equivalent to

\r:.“{(] b 2 4 \"j
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The critical = value is the positive solution to

which is about 0.82337397.... Thus, if z > 0.82337397
lies outside of the region.

-, the region is very thin, and the center of mass




Note:
1. Physical Bodies have Centre of mass, whereas plane bodies have centroid.

2. For physical bodies, density is a function of x and y, whereas for plane bodies, density is assumed
to be constant.

Moment of Inertia:

Recall:

L, = Y my?, Mlabout X axis
I, = Ymyx*, Mlabout Y axis

Iy = Y m(x? + y?) Ml about origin

Using double integrals
Ml about X axis I, = [f, y*p(x,y)dA
Ml about XY axis I, = [, x*p(x,y)dA

MI about origin Io = [[ (x* + y*)p(x,y)dA
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